The detection of explosive behavior in house prices and the implementation of early warning diagnosis tests are of great importance for policy-making. This paper applies the GSADF test developed by Phillips et al. (2012) and Phillips et al. (2013) , a novel procedure for testing, detection and date-stamping of explosive behavior, to the data from the Dallas Fed International House Price Database documented in Mack and Martínez-García (2011). We discuss the use of the GSADF test to monitor international housing markets. We assess the international boom and bust cycle experienced during the past 15 years through this lenswith special attention to the United States, the United Kingdom, and Spain. Our empirical results suggest that these three countries experienced a period of exuberance in housing prices during the late 90s and the first half of the 2000s that cannot be attributed solely to the behavior of fundamentals. Looking at all 22 countries covered in the International House Price Database, we detect a pattern of synchronized explosive behavior during the last international house boom-bust episode not seen before. 
Introduction
The latest international boom and bust in housing markets has generated increased interest in the dynamics of house prices as well as house price to economic fundamental ratios-namely the house price to income ratio and the house price to rent ratio. In this context, time series methods that can detect and date periods of explosive behavior are particularly relevant. Ex post, these methods can provide useful information for improving our understanding of the housing market-setting light also on the e¤ectiveness of monetary policy and macro-prudential regulation. Moreover, these methods produce in real-time warning signals that can be used by central banks and regulators to monitor the macroeconomic developments of housing.
In a recent series of papers, Phillips et al. (2012) and Phillips et al. (2013) propose a new recursive ‡exible-window testing procedure for identifying periods of explosiveness. We refrain from using the term bubbles in connection with these methods, although bubbles can lead to explosive behavior, because bubble-detection requires the speci…cation and estimation of an economic model for the housing market (see Himmelberg et al. (2005) ) which is out of the scope of our project. The procedure of Phillips et al. (2012) and Phillips et al. (2013) performs better to detect explosive behavior in time series data than standard methods such as integration/cointegration tests (e.g., Diba and Grossman (1988) ), variance bound tests (e.g., LeRoy and Porter (1981) , Shiller (1981) ), speci…cation tests (e.g., West (1987) ) as well as Chow and CUSUM-type tests (e.g., Homm and Breitung (2012) ).
Since the second quarter of 2013, the Federal Reserve Bank of Dallas'International House Price Database in partnership with the Department of Economics at Lancaster University Management School publishes indicators of exuberance in real house prices and house-prices-to-income ratios based on the method of Phillips et al. (2012) and Phillips et al. (2013) . In this paper, we describe these indicators and provide technical details for their computation. We also provide an illustration of the procedure and its economic interpretation using data from the International House Price Database database documented in Mack and Martínez-García (2011) and the OECD with special emphasis on the experiences of the United States (U.S.), the United Kingdom (U.K.), and Spain.
The remainder of the paper proceeds as follows: Section 2 outlines the standard asset pricing equation on housing and describes how explosive behavior in house prices may arise. In section 3 we provide extensive discussion and further details on the GSADF test procedure of Phillips et al. (2012) and Phillips et al. (2013) that we implement with the Dallas Fed's International House Price Database. Then we present novel quantitative …ndings in section 4 based on the implementation of the GSADF test procedure to the experiences of the U.S., the U.K., and Spain. We also note the strong synchronization of periods of explosive behavior in the last boom and bust episode across all countries covered in the International House Price Database. Section 5 provides some additional discussion and concludes.
Rational Bubbles in Housing Markets
Assuming risk neutrality and a constant expected return on an alternative investment opportunity (i.e., a risk-free free rate r t such that E t (r t ) = r for all t), the price of an asset can be derived from the following no-arbitrage condition, r |{z} constant risk-free rate
where the asset return is de…ned as R t
Pt+1+Xt+1 Pt
1 and the expectations operator E t is based on all information available up to time t.
Re-arranging the condition in (1), the asset price can easily be expressed as follows,
where P t denotes the price of the asset at time t, X t+1 is the stream of payo¤s derived from the asset at time t + 1, and r is the constant risk-free interest rate. For further details on the present value model, see Gordon and Shapiro (1956) on the standard dividend discount model, and Blanchard and Watson (1982) and Campbell et al. (1997) for more general processes for the payo¤ stream fX t g 1 t=1 . The expected return on housing must be equal (up to a constant) to the risk-free rate by arbitrage, so similarly the simple present value model in (2) can be used to study house prices (see, e.g., Clayton (1996) ).
The payo¤ stream fX t g 1 t=1 in this case is given by the economic rents of housing, including housing services. The asset pricing equation in (2) applied to the housing case implies that house prices must be equal to the discounted present value of its expected future rents plus its re-sale value.
Solving equation (2) recursively T periods forward, we obtain an expression for the house price as a function of the expected discounted ‡ow of all future payo¤s up to time T plus a terminal condition that determines the present discounted of the time T re-sale value of the house, i.e.,
Letting T go to in…nity and imposing the transversality condition,
the (unique) no-bubbles solution to the expectational di¤erence equation that characterizes house prices in (2) yields,
P t is referred to as the fundamental value of housing. Equation (5) states that the fundamental value of housing should be equal to the present discounted value of all future rents from housing, so the only fundamentals determining the price are the expected rents E t [X t+i ] for all i 1 and the constant risk-free rate r. Imposing the transversality condition in (4) rules out non-fundamental behavior (bubbles), and this implies that the housing price corresponds to its fundamental value (i.e., P t = P t ).
However, without imposing the transversality condition in (4), the forward solution to the expectational di¤erence equation in (2) for the house price P t is not unique. It includes the fundamental price determined in (5)-that is, the no-bubbles solution P t -plus a nonstationary component (see, e.g., Sargent (1987) and LeRoy (2004) ) in the following form,
where fc t g 1 t=1 is a martingale-that is, a stochastic process that satis…es E t c t+1 = c t . If the nonstationary (or bubble) component cannot be ruled out, it introduces explosive behavior as shown in Diba and Grossman (1988) that a¤ects the time series of house prices. Moreover, there are in…nitely many solutions of the form presented in (6) that solve equation (2).
We can alternatively de…ne the nonstationary component of the solution in (6) as B t = (1 + r) t c t . With this characterization, the rational bubble can simply be expressed as the di¤erence between the housing price, P t , and its fundamental-based value, P t , i.e.,
This bubble component fB t g 1 t=1 has an explosive behavior if r > 0 since it satis…es that,
given that the underlying component c t follows a martingale process. With this notation, we de…ne bubbles in house prices, fB t g 1 t=1 , as departures from the fundamental value of housing. If B t = 0, there is no bubble and prices are determined only the the expected future discounted rents. In turn, if B t > 0 there is a bubble that induces explosiveness into the time series of house prices P t .
If house prices include a nonstationary (bubble) component fB t g 1 t=1 that satis…es condition (8), then it is because investors in the housing market are expecting the non-fundamental component of the price of houses (the bubble) to keep growing at a rate that equals the constant risk-free rate r. The theory of rational bubbles under the expectational di¤erence equation in (2) can be understood from that observation. For simplicity, let us assume that B t is strictly positive in order to illustrate the point. An investor is willing to pay today B t units more than its fundamental value P t for a house, if the investor believes that he will be su¢ ciently compensated through future price increases for that higher payment today. If enough investors share the same belief about housing, then they will buy houses driving the price up and con…rming the expectation of future price increases anticipated by the investors in what is referred as a self-ful…lling prophecy.
House Prices with Rational Bubbles
According to the present value model of housing in (2), house prices can be expressed as, P t = P t + B t ; where (9)
If a rational bubble is a large part of the total price of houses, would become disconnected from the fundamentals of the housing market in some way. In order to detect a bubble in time series, therefore, one logical path is to test for the possibility of such a disconnect.
Adapting the alternative representation proposed by Campbell and Shiller (1987) , house prices can be expressed as,
where is the di¤erence operator (i.e., X t = X t X t 1 ). A plausible assumption would be that the payo¤ stream for housing, X t , follows a random walk with drift, i.e.,
where t is white noise. This fundamental process has a unit root, and it is said to be integrated of order 1 (or I (1)). In the absence of bubbles (if B t = 0), equation (10) shows that the house price P t = P t is given by,
The house price P t has also a unit root and is cointegrated with X t such that P t 1 r X t is stationary. In other words, house prices and fundamentals-housing rents-should be integrated of order 1 (i.e., I (1)) if Diba and Grossman (1988) observe that fundamental prices, the fundamental house prices P t in our context, are integrated of the same order as the payo¤ process X t in the absence of bubbles (as illustrated for the I (1) case here). In the presence of a bubble (B t > 0), the house price in (9) contains the explosive root from B t and so does the linear combination P t 1 R X t in (10). This di¤erentiates the fundamental value P t from the bubble process B t underlying the house price P t , as the fundamental value is an integrated process of the same order as the fundamentals while the bubble component is characterized by an explosive autoregressive process implied by condition (8) instead.
Hence, if house prices P t and fundamentals X t are integrated of the same order (i.e., I (1)), we could exclude the presence of bubbles. If house prices exhibit explosive autoregressive behavior or shifts from I (1) to explosive, then we would argue that a rational bubble has formed in housing. When the process for house price loses its explosiveness, then we could claim that the bubble has popped.
We use a new recursive procedure based on the augmented Dickey-Fuller (ADF) test which allows the testing, ex post identi…cation and date stamping of explosive behavior in economic time series to house price data. This econometric method has been developed in a series of papers by Phillips et al. (2011 ), Phillips et al. (2012 and Phillips et al. (2013) with tests that deal with the structural change from a random walk (I (1) process) to explosive behavior. These tests exploit the disconnect that emerges between the integrated process for the fundamental value and the explosiveness of the bubble, and can also be applied in real-time to provide warning signals of explosiveness in the time series of house prices.
Long-Run House Price Anchors
The house-price-to-rent ratio is often used as an indicator of over or undervaluation of housing relative to the expenses of renting. The house price solution presented in (10) under the Campbell and Shiller (1987) representation can be rewritten in terms of the house-price-to-rent ratio easily as follows,
which under the assumption of an I (1) process for housing rents becomes,
Since the fundamental price of housing and rents follow a random walk with drift, detrending the time series we remove the drift component implying a stable house-price-to-rent ratio in the absence of bubbles. If this ratio deviates from its long-run average, it can be an indication that house prices have become misaligned from fundamentals.
Working with housing rents is not without its problems, as housing rents are often measured with great error. The present-value model in (2) can be complemented with other conditions to express house prices in terms of a set of macroeconomic variables (fundamentals). In that spirit, we focus our attention on real disposable income and-in particular-on the house-price-to-income ratio. The price-to-income ratio is commonly used in the literature as an alternative to the house-price-to-rent ratio to assess whether house prices are sustainable in the sense of being consistent with the economic fundamentals of the housing market.
This alternative ratio provides a metric of house prices relative to the ability of households to pay (see, e.g., Himmelberg et al. (2005) and Girouard et al. (2006) ). In that way, it incorporates one the key determinants of the demand for housing.
We have discussed so far how rational bubbles can emerge when fundamentals are otherwise integrated processes. Since the asset pricing model in (2) can also generate explosive price dynamics due to the explosive behavior of the fundamentals of housing, we follow Phillips et al. (2012) 's suggestion to apply the same econometric tests used for real house prices to the long-run anchors for house price determination-the price-to-income ratio, and the price-to-rent ratio. 2 The idea is that controlling for the possibility of explosive behavior in the fundamentals with these two ratios, house prices that display patterns of explosiveness are more likely to be driven by the non-fundamental (bubble) component of the solution.
3 Testing for Explosive Behavior: The GSADF Procedure
The time series econometric method used for testing and detecting explosive behavior is based on the following Augmented Dickey-Fuller (ADF ) regression equation,
where y t denotes a time series process (in our case, real house prices, the price-to-income ratio, or the priceto-rent ratio), t iid N (0; 2 r1;r2 ), and r 1 and r 2 denote fractions of the total sample size that specify the starting and ending points of a subsample period.
As noted in the previous section, the emergence and popping of a bubble process fB t g 1 t=1 that satis…es condition (8) is indicated by a shift from a random walk-under the assumption that fundamentals are I (1)-to an explosive autoregressive process. Therefore, we are interested in testing with equation (15) the null hypothesis of a unit root, H 0 : r1;r2 = 0, against the alternative of explosive behavior in y t ,
denote the test statistic corresponding to this null hypothesis. It is easy to see that setting r 1 = 0 and r 2 = 1 yields the standard ADF test statistic, ADF 1 0 . The limit distribution of ADF 1 0 is given by,
where W is a Wiener process. The ADF test compares the ADF 1 0 statistic with the right tail critical value from its limit distribution. When the test statistic exceeds the critical value, the unit root hypothesis is rejected in favor of explosive behavior.
Although widely employed, the standard ADF test has extremely low power in detecting episodes of explosive behavior when these episodes end with a large drop in prices, i.e. in the presence of boom-bust dynamics. As a matter of fact, nonlinear dynamics, such as those displayed by periodically collapsing bubbles, frequently lead to …nding spurious stationarity even though the process under examination is inherently explosive as noted by Evans (1991) .
In order to deal with the e¤ect of a price collapse on the performance of the test, Phillips et al. (2011) proposed a recursive procedure which is based on the estimation of the ADF regression on subsamples of the available data. Bubble detection under this test is reduced to testing for a change from I (1) to explosive in a univariate time series, where the change point is unknown. In particular, the authors propose estimating (15) using a forward expanding sample with the end of the sample period r 2 increasing from r 0 (the minimum window size) to one (the last available observation). In this procedure, the beginning of the sample is held constant at r 1 = 0. The test statistic, called sup ADF (SADF ), is de…ned as follows,
Under the null hypothesis, the limit distribution of the SADF statistic is given by,
Similarly to the standard ADF test, when the SADF statistic exceeds the right tailed critical value from its limit distribution, the unit root hypothesis is rejected in favor of explosive behavior.
The SADF test performs well when there is a single boom-bust episode in the time series. Simulation experiments in Homm and Breitung (2012) reveal that the SADF outperforms alternative methods, such as the modi…ed Bhargava (1986) , the modi…ed Busetti and Taylor (2004) , and the modi…ed Kim (2000) (with the corrections of Kim et al. (2002) ), in terms of power. However, the test may perform poorly when there are more than one boom-bust episodes in the sample and may also be inconsistent. 
Under the null hypothesis, the limit distribution of the GSADF statistic is
where r w = r 2 r 1 . Again, rejection of the unit root hypothesis in favor of explosive behavior requires that the test statistic exceeds the right tailed critical value from its limit distribution.
The Date-Stamping Strategy
The …rst step of the Phillips et al. (2012) 
The authors de…ne the origination date of the period of exuberance as the …rst observation that the BSADF statistic exceeds its critical value
and the termination date as the …rst observation after b r e for which the BSADF falls below its critical value
where scu T r2 is the 100 T % critical value of the sup ADF based on br 2 T c observations and T is the chosen signi…cance level. The researcher may choose to neglect very short periods of exuberance by setting a minimum duration period.
When the BSADF statistic exceeds the …nite-sample critical values of the SADF , we argue that the empirical evidence suggests that the time series displays explosive behavior. Because the distributions of the SADF (r 0 ) and GSADF (r 0 ) are non-standard, critical values have to be obtained through Monte Carlo simulations. The consistency of the above dating strategy in the presence of one or two periodically collapsing bubbles is established in Phillips et al. (2012) .
Other Technical Details
The computation of the SADF , BSADF , and GSADF test statistics necessitates the selection of the minimum window size r 0 and the autoregressive lag length k. Regarding the minimum window size, this has to be large enough to allow initial estimation but it should not be too large in order to avoid missing short episodes of exuberance. We follow Phillips et al. (2012) and set the minimum size equal to 36 observations. With respect to the autoregressive lag length, we provide online through the International House Price Database results for two cases: k equal to 1 and 4. Our results in the remainder of the paper will be reported only for the case of lag length set at k = 4, unless otherwise noted, to save space. The choice of a …xed lag length is appealing because it allows us to employ a recursive least squares approach which reduces substantially the computational cost of estimation.
More sophisticated lag length selection procedures in ADF-type tests based on information criteria (such as the Modi…ed Information Criteria of Ng and Perron (2001) ) and sequential hypothesis testing (see, e.g., Ng and Perron (1995) ) could, in principle, be applied but with a huge computational cost. Furthermore, Phillips et al. (2012) show that sequential hypothesis testing results in severe size distortions and a reduction in power of both the SADF and GSADF tests.
The implementation of the unit root tests also requires the limit distributions of the SADF , BSADF , and GSADF test statistics. These distributions are non-standard and depend on the minimum window size.
Hence, critical values have to be obtained through Monte Carlo simulations. We obtain …nite sample critical values by generating 2,000 random walk processes with N (0; 1) errors. Asymptotic SADF and GSADF critical values are provided in Phillips et al. (2012) 
Empirical Evidence on International House Prices
Since the second quarter of 2013, the International House Price Database of the Federal Reserve Bank of Dallas includes SADF , GSADF , and BSADF test-statistics for real house prices and house-price-to-income ratios for all available countries together with the corresponding critical values. The statistics are updated quarterly, once data for house prices and economic fundamentals-personal disposable income-become available.
In this section, we provide an illustration of the procedure of Phillips et al. (2012) and Phillips et al. (2013) by describing the implementation of the tests described in the previous section to a subset of the countries included in the International House Price Database-namely the U.S., the U.K., and Spain-for the period between the …rst quarter of 1975 and the second quarter of 2013. For these three countries in particular, we investigate the explosive behavior of house prices and complement the price-to-income ratio data from the International House Price Database with price-to-rent data reported for these three countries from the OECD.
The quarterly time series for real house prices of the U.S., the U.K., and Spain are displayed jointly in Figure 4 . The real house price appreciation has been very signi…cant for these three countries since the mid 1980s as can be seen in the …gure. However, the evidence shows that the real house price appreciation experienced by the U.K. and Spain has been notably larger than that of the U.S. This seems to set Spain and the U.K. apart, but as our results would show later it does not mean that the evidence of explosive behavior is somehow weaker for the U.S.
The ratio of real house prices to real personal disposable income and the OECD's price-to-rent ratio are two long-run anchors in the determination of house prices. These ratios are plotted in Figure 4 showing a similar boom period during the late 1990s and the …rst half of the 2000s followed by a severe correction in all three countries. Interestingly, the di¤erences between the U.K. and Spain become more noticeable when we look at these anchors ratios. Both ratios reverted during the 1990s back to their pre-1985 average for the U.K., but remained elevated for Spain. Spain's correction since around 2006 has been more severe than that of the U.K., whose ratios have remain elevated since the early 2000s in spite of the housing bust experienced. In spite of these di¤erences, our test results based on the procedure of Phillips et al. (2012) and Phillips et al. (2013) will show that both countries (as well as the U.S.) went through a period of so-called exuberance almost at the same time since the late-1990s until the mid-2000s. Table 4 reports the estimated SADF and GSADF test statistics for the U.S., the U.K., and Spain on three variables: real house prices as well as the price-to-income and price-to-rent ratios. All results are for autoregressive lag length, k, four. The bottom panel of Table 4 reports the 90%, 95% and 99% critical values for the SADF and GSADF statistics.
Focusing on real house prices, we observe that the SADF test statistics are greater than the 95% critical values for the U.S. and the U.K. but not for Spain. This implies that we can reject the null hypothesis at the 5% level in all cases, except for Spain. Further, the GSADF statistics for all three countries are greater than the 99% critical values in accordance with the higher power of the GSADF test. Overall, there is strong evidence that real house prices have exhibited periods of explosive behavior in the given time series of these three countries. Table 4 , as indicated before, also reports results for price-to-income ratios from the International House Price Database and price-to-rent ratios from the OECD for the same set of countries. What we observe is similar to the evidence on real house prices. The GSADF statistics for house-price-to-income and houseprice-to-rent ratios is above the 99% critical values for the U.S. and the U.K., and above the 95% critical values for Spain. Hence, the evidence from these two ratios seems to corroborate that these three countries have experienced periods of explosive behavior since the …rst quarter of 1975 until the second quarter of 2013. Notes: *, **, and ***, denote statistical signi…cance at the 10, 5 and 1 percent signi…cance level respectively.
Having established that there is strong empirical support for explosiveness, the next step of the procedure of Phillips et al. (2012) and Phillips et al. (2013) is to identify the actual period(s) of explosive behavior in the time series-which we do next. Figures 4, 4 and 4 display our main results for the U.S. The bottom panel shows the time evolution of the BSADF statistics for real house prices, house-price-to-income ratios and house-price-to-rent ratios respectively-together with the 95% SADF critical value sequence in …nite-samples. In the top panel,
United States
we observe the respective time series of all three variables examined (real house prices, house-price-to-income ratios and house-price-to-rent ratios).
We see that real house prices for the U.S. entered an explosive regime around the second half of the 1990s which lasted until around 2006. With the two long-run anchor ratios, we observe a period of exuberance that tends to be shorter-specially with the house-price-to-income ratio-but otherwise all three variables overlap to signal a period of non-fundamental explosive behavior occurring in the …rst half of the 2000s. Once again, the interpretation of the …gures is the same as for the U.S. before. In this case, our evidence suggests that the rapid acceleration of house prices was not driven by non-fundamental explosive behavior except for a period of exuberance in the …rst half of the 2000s. The house-price-to-income ratio and the house-price-to-rent ratio tend to give us a shorter period of exuberance for the latest boom-bust episode in the Spanish housing market than real house prices, suggesting that part of the appreciation could be due to the behavior of the fundamentals (and possibly due to nonstationarity in the fundamentals).
We also observe that there is some evidence of explosive behavior in the second half of the 1980s-a period that coincided with Spain being admitted into what now is the European Union but before the collapse of the European Monetary System in 1992-93 and the severe recession that a¤ected the country in the early 1990s.
However, we only …nd marginal evidence for explosive behavior at that time with the house-price-to-rent ratio and no evidence with the house-price-to-income ratio (or with real house prices). Figure 4 completes the description of the results derived with the procedure of Phillips et al. (2012) and Phillips et al. (2013) applied to data on house prices from the International House Price Database by plotting the periods of exuberance (explosive behavior) for all countries in the database. As before, we identify periods of explosiveness by comparing the time evolution of the BSADF statistics for real house prices and the house-price-to-income ratio respectively against the 95% SADF critical value sequence in …nite-samples.
We include in Figure 4 two subplots for real house prices (top) and the house-price-to-income ratio (bottom). We observe that for the most part there is concordance between the periods of exuberance detected looking at either one of these two variables. However, it is worth pointing out, that periods of explosiveness based on non-fundamental behavior detected by the house-price-to-income ratio tend to be somewhat shorter than those we see with the real house price data. 
Concluding Remarks
In this paper we describe a novel test proposed by Phillips et al. (2012) and Phillips et al. (2013) applied to house price data from the International House Price Database of the Federal Reserve Bank of Dallas documented in Mack and Martínez-García (2011) . We show that these tests are useful to detect and datestamping periods of explosive behavior in housing markets, and more broadly to monitor the macroeconomic developments in housing.
Our work shows how this methodology can be implemented to detect the presence of explosive behavior that are not identi…able with other existing methodologies. As a result, we view this as a valuable tool for policy analysis as well as scholarly work in helping us detect explosiveness in international housing markets.
We illustrate the tests of Phillips et al. (2012) and Phillips et al. (2013) with data from the International House Price Database with a special focus on the cases of the U.S., the U.K., and Spain, which were greatly a¤ected by the latest boom and bust in the housing markets. Our evidence suggests that even controlling for fundamental behavior, there is strong evidence that explosive behavior appeared in all three countries during the …rst half of the 2000s. This evidence contrasts with existing work that employs other more conventional methods of bubble-detection which produce less clear readings.
Furthermore, our results also show that the cases of the U.S., the U.K. and Spain were far from isolated.
In fact, they were fairly typical of a period of exuberance that a¤ected most of the countries covered currently in the International House Price Database since the late 1990s till the mid-2000s. The correction of such a widespread period of non-fundamental explosive behavior resulted in the most severe recession of the post-WWII period for most of these countries. Note: Time series backcasting is used to extend the house price indexes of Spain and the Netherlands from the first quarter of 1976 back to the first quarter of 1975. Time series nowcasting is used for Italy, Germany and Japan in order to complete the quarterly dataset and avoid long lags in its public release. Nowcasting are subsequently replaced with actual data from the national sources, as it becomes available.
B National Sources of House Price Data

